Abstract-we study hydromagnetic waves driven by thermal convection in a self-gravitating, rapidly rotating fluid spherical shell permeated by both poloidal and toroidal axisymmetric magnetic fields. The imposed magnetic fields satisfy electrically insulating boundary conditions at both surfaces of the shell and have an equatorial dipolar symmetry. The system is a model of the cores of the Earth and other planets, where magnetic fields are generated. We focus on the effect of poloidal magnetic fields at an asymptotically small Ekman number E = IO-'. We find two new modes for convectiondriven hydromagnetic waves. When the poloidal field is larger than the toroidal field, the waves propagate rapidly eastwards and concentrate just outside the "tangent cylinder", which has axis parallel to the rotation axis and just encloses the inner sphere. When the poloidal field is comparable to the toroidal field the waves also propagate eastwards but concentrate inside the tangent cylinder. When the toroidal field is larger than the poloidal field the waves propagate slowly either eastwards or westwards and concentrate on lower to middle latitudes. In all the three cases, the flow approximately satisfies the two-dimensional Proudman-Taylor constraint, even though the theorem does not strictly apply because the magnetic forces are strong.
INTRODUCTION
To understand the generation of planetary magnetic fields we must solve the equations of motion, heat conduction, and magnetic induction in the planets' fluid cores. This poses serious mathematical and numerical problems because the viscosity is very small and the rotation rate very high (for example, [1, 2] ). W e can make some progress towards understanding the magnetohydrodynamic dynamo problem by studying hydromagnetic waves in the presence of an imposed magnetic field without involving the dynamo process, because this system captures the main interaction between magnetic and Coriolis forces. Furthermore, an understanding of the waves may shed light on short timescale phenomena such as the decade-to-millennium secular variation of the Earth's magnetic field [3-lo] .
The simplest hydromagnetic waves can be produced with an imposed uniform magnetic field, which has received much attention because of its mathematical simplicity [II] . Malkus [6] Sowa.rd [12] considered an imposed azimuthal magnetic field whose strength increases with distance from the rotation axis (see also [8, 9, 13] ). These studies were confined to force-free applied fields, which allow a conventional analytical linear stability analysis in terms of small departures from a basic state of rest. A more realistic toroidal field that satisfies electrically insulating boundary conditions was considered by Fearn and Proctaor [14] and Zhang [ltj] . These fielcls are not force-free? prohibiting the usual linear analysis. Furthermore, magnetic instabiIities may arise.
They provide a more relevant range of problems to study because dynamo-generated fields will never be force-free. We refer to two recent review articles by Fearn [l,lG] In what follows, we shah begin by presenting the governing equations, model, and numerical method in Section 2, and present the results in Section 3.
THE MODEL AND MATHEMATICAL FORMULATION

The Model and Governing Equations
A planetary fluid core, such as the Earth's outer core, can be regarded as a Boussinesq, conducting, rotating fluid spherical shell with inner radius Q and outer radius T,. We assume that the fluid has constant thermal diffusivity K, magnetic diffusivity X, thermal expansion coefficient cr, and kinematic viscosity v. The acceleration due to gravity is
We also assume that the fluid motion in the shell is driven by an unstable radial temperature gradient, -/3r, which is produced by a uniform distribution of heat sources 1111. In the presence of an imposed magnetic field, BOB, the linear problem of convection-driven hydromagnetic waves is governed by the following equations: There are five nondimensional parameters: the Elsasser number A, the Prandtl number Pr, the Roberts number q, the Ekman number E. and the Rayleigh number R, which are defined as where d = T, -Ti is the thickness of the shell. We shall set 'v = q/r, = 0.4, E = lo@, and Q = 1 throughout this paper, equalising the magnetic and thermal diffusion times. 
The Symmetry of Solutions
Taking advantage of the symmetry properties of solutions for equations (2.6)-(2.9) not only reduces the computing time in obtainin g numerical solutions but also provides an important insight into the problem.
A detailed discussion about the symmetry relationship between the magnetic, temperature, and velocity fields can be found in [22] .
The imposed magnetic fields (2.12) and (2.13) have the equatorial symmetry and azimuthal symmetry:
where m is an arbitrary positive integer, the azimuthal wavenumber, which can be treated as an extra parameter for equations (2.6)(2.9). The equatorial symmetry leads to t,wo different parities
The plus sign allows the formation of nearly two-dimensional wave motions because of the symmetry across the equator. Our calculations show that the hydromagnetic wave corresponding to the minus sign always requires a larger Rayleigh number to sustain it; it therefore, does not represent t,he physically realizable solution. In consequence. this paper concentrates only on solutions with + parity in (2.15).
The Method of Numerical Analysis
It is numerically convenient to write u and b as sums of poloidal and toroidal vectors u=VxVxw+Vxru~, b=VxVxrh+-Vxrg, (2.16) which satisfy equations (2.?a,b). Making use of the above expressions and applying r. and r. V x to the curl of equation (2.6) and to equation (2.9) gives t,he following five independent scalar equations: The differential operators, Lx and Q, are defined as
The In the linear system, the amplitude and phase of the azimuthally travelling wave may be set arbitrarily.
For example, we can set the real part of X& to 1 and its imaginary part to be zero. This leaves I< real, nonlinear equations for a K unknowns:
which are nonlinear because of the unknowns w and R. Starting with an arbitrary initial vector Z" and a guess for R" and w", we can iterate the nonlinear system in the following way: and a reasonable guess for no and w", a wave solution converges after about four iterations with where 6 = lO@ in this paper.
For given E, m, and A, we need to solve equations (2.17)-(2.21) to find the smallest R.ayleigh number R required to sustain the wave. Although the it,erative method discussed above is very economic and efficient,, we cannot determine whether the solution obtained corresponds to the smallest R. In practice, the procedure often converged to an ~lnwanted solution that. does not have the smallest Rayleigh number because of an inappropriate guess for R", w". Therefore, the iterative method was used together with direct time integrat.ion of the equations, which takes longer. Two different methods are thus always used in our analysis: we use the method of direct time integration to find an approximate range of the smallest Rayleigh number: which provides an initial guess for the iteration scheme.
By combining the two methods we ensure that the solution always corresponds to the smallest Rayleigh number for the given set of parameters.
Numerical Accuracy
It is important to ensure accuracy for Ekman numbers as small as E = lo-'. We have carried out two checks. The first is to calculate the values of R and w for a set of fixed parameters but at different truncations.
Some examples of the numerical convergence of the solutions are presented in Table 1 . It is clear that the truncation level NT = 12 is sufficient to reach 1% accuracy for the eigenvalues R and w. We also examined the spatial structure of the eigenfunctions v, '~11, g, h, 0 at different truncations, and found them to be almost identical for iVt > 10. We therefore, chose Nt > 12 as needed to ensure < 1% error. We have experienced few difficulties in obtainin, v accurate numerical solutions, even at small Ekman numbers, in contrast to dynamo calculations, whether kinematic [23] or convection-driven. This is because the main magnetic field in the present problem is imposed. The magnetic Reynolds number is simply determined by the convection, not by the need to regenerate the main magnetic field, and does not become excessively large. Furthermore, the applied field is time-independent, which leads to large spatial scales and slow time variations [2] .
Hydromagnetic
Waves 395 for Pr = co, the result at Pr = 1 is given by R = 2.567 x 107, w = -112.36, m = 5.
RESULTS
The Effect of Inertia
Moreover, the spatial structures of the two solutions are almost identical. Consequently, we neglect the inertia term by setting Pr = cc in equation (2.6) in the rest of this paper.
The Wave with a Dominant Toroidal Field
The first case studied has the imposed magnetic field dominated by its toroidal part B = (BT + EPBP),
where Ep < 1. For a given A, our task is to find the overall smallest Rayleigh number R, together with the corresponding frequency w and wavenumber m, at which a hydromagnetic wave can be sustained by convection.
The wave associated with the smallest R is referred to as the critical mode, which is usually physically relevant. We first find the smallest R, Rmin, for each m, then select the critical value of m, mcr which has least Rmin.
The main numerical results for this case are presented in Table 2 
The Wave with a Dominant Poloidal Field
In the second case, the imposed magnetic field is dominated by its poloidal component
where ET < 1. For A = 10, the most unstable wave corresponds to azimuthal wavenumber m, = 5, as shown in Table 3 . This should be compared with the most unstable wave numbers m, = 1 or nz, = 2 when the toroidal field is dominant (Table 2) . Consequently, the Rayleigh number required to sustain the wave is much larger for this case. The hydromagnetic wave propagates much faster than in the toroidal case, and always travels eastwards.
The main effect of an imposed toroidal field was to reduce the critical wavenumber and Rayleigh number dramatically from the high values obtained for nonmagnetic convection.
The applied poloidai field is much less effective in doing this, as comparison
of Tables 2 and 3 shows. This is because of the curvature forced on the applied field by the boundary conditions. The poloidal field can be nearly straight, is always stable, and has less influence on the dynamics.
The toroidal field must be curved to satisfy the insulating boundary condition (it vanishes on the boundaries), has greater magnetic stress, and therefore, more influence on the dynamics.
The spatial structure of the most unstable wave with U-L, = 5, R = 2.57 x lo', ET = 0, and w = -112 is shown in Figure 2 in the frame moving with the phase speed of the wave. The wave motions concentrate in the region just outside the cylinder tangential to the equator of the inner sphere. Although the Coriolis and Lorentz forces are of comparable amplitude, the fluid motions are still largely two dimensional and appear to satisfy the Proudman-Taylor theorem, even though it is no longer applicable.
It indicates a subtle balance between Coriolis and Lorentz Table 4 . The Rayleigh number R and frequency w of the waves for different wavenumbers obtained when the maximum strength of the imposed toroidal field is exactly the same as that of the poloidal field (equation (3.3) ). The other parameters of the above solutions are fixed at E = lop6 and 4 = 1.
(a).
(b). 
The Wave with Comparable Poloidal and Toroidal Fields
In the third case, we have equal poloidal and toroidal imposed fields
B = (BP + BT). (3.3)
The main results for this case are summarised in Table 4 for various values of A. Since both components are equal, the effective value of A is enlarged approximately by a factor 4. For sufficiently large A (> 2) the imposed magnetic field is unstable with R < 0; the wave is excited even in the absence of buoyancy, drawing energy from the imposed field. At A = 1.9, the most unstable wave is driven by convection with m = 1, R = 7.8 x lo', w = -7.5, whose profile is shown in Figures 3a and 3b . The hydromagnetic wave always propagates eastward with speed determined mainly by the value of A. The structure of the wave is very different from the previous two cases: fluid flow and magnetic field concentrate mainly in the region inside the tangent cylinder. Although inside the cylinder, its azimuthal component of flow still remains largely two-dimensional and the wave travels eastward at a moderate speed. This represents the second new mode of convection-driven hydromagnetic waves reported in this paper.
SUMMARY
We have studied the effect of a poloidal field on convection-driven hydromagnetic waves in a rapidly rotating spherical shell. Inertial effects were found to be unimportant: reducing the Prandtl number to unity made very little difference to the solutions. Poloidal fields have less effect on the convection than toroidal fields because they can satisfy the insulating boundary condition with less curvature, and therefore, less magnetic stress.
We have found two new types of convective hydromagnetic wave. When the poloidal field is dominant, the hydromagnetic waves propagate eastwards and concentrate in the region just outside the "tangent cylinder", the cylinder with axis parallel to the rotation axis that just touches the inner sphere at the equator. When the poloidal and toroidal fields are comparable, hydromagnetic waves concentrate inside the tangent cylinder. Even though the system is under the influence of a strong Lorentz force, the fluid motions always appear to satisfy the (nonmagnetic)
Proudman-Taylor constraint and remain predominantly two-dimensional, regardless of whether they concentrate inside or outside the tangent cylinder.
These convective hydromagnetic waves capture some essential features of the subtle interaction between Coriolis and magnetic forces at very small Ekman number. This may aid understanding of the convection-driven dynamo at very small Ekman number, but the dynamo problem, in which the magnetic field is self-generated rather than imposed, remains a major challenge. It is important to note, for example, that inertia effects may be more important for the dynamo problem because the spatial and temporal scales of the solution are not influenced by those of an imposed field; the solution may become small scale and vary rapidly in time, creating formidable numerical difficulties.
The waves studied here drift westwards only when the toroidal magnetic field dominates. Since slow changes of the Earth's magnetic field drift westwards, it suggests that the toroidal field inside the Earth's core, which cannot be observed because of the insulating mantle, is much larger than the observed poloidal field.
